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The temperature-dependent frequency spectrum of a paraelectric material is discussed with use of an
effective-harmonic-lattice equation of motion. For a given wave vector, the effective couplings between atoms
are written as a sum of a temperature-independent part, arising from harmonic interactions, and a part linear
in the temperature, arising from fourth- and third-order anharmonic interactions. The conditions required for
the observed Curie-Weiss behavior of the dielectric constant and associated temperature dependence of
certain long-wavelength transverse optical frequencies are examined. It is shown that the salient features of
the temperature-dependent low-lying optical branch in SrTiOj; can be understood by considering the effects of

anharmonic interactions at constant volume.

I. INTRODUCTION

ECENTLY,!? expressions have been obtained for
the temperature-dependent linear and nonlinear
dielectric constant of a paraelectric material in terms of
the Born-von Kdrméan lattice dynamical parameters.
This involved the renormalization of a transverse
optical frequency that is imaginary in the harmonic ap-
proximation. It was shown that at sufficiently high
temperatures (temperatures above the Curie-Weiss
temperature 7'¢), this frequency was real (positive), and
temperature-dependent due to the presence of certain
fourth- and third-order anharmonic potential energy
terms. The temperature dependence of this frequency @
was shown to vary as

@~T—Te. (1.1)

The intimate relation between such a temperature-
dependent frequency and the Curie-Weiss behavior of
the dielectric constant has been previously discussed.?*

The purpose of the present work is to extend the pre-
vious calculations to the case of temperature-dependent
frequencies of arbitrary wave vector. This is of interest
since the results of inelastic neutron scattering® from
strontium titanate have shown that the low-lying trans-
verse optical frequency of long wavelength belongs to a
branch which is significantly temperature-dependent for
wave vectors along the [100] direction.

Bosman and Havinga® have recently reported on the
pressure and temperature dependence of the dielectric
constant of various perovskite materials. Constant
volume effects were quantitatively separated from
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effects due to thermal expansion. In the nonpolar phase,
it was found that the temperature dependence of the
dielectric constant at constant volume is in the same
direction as the net effect, the effect due to thermal ex-
pansion being smaller and in the opposite direction.
Hence, effects at constant volume make the most sig-
nificant contribution to the temperature-dependent die-
lectric constant or temperature-dependent transverse
frequency. Since constant volume effects appear to pro-
vide the major contribution to the temperature-de-
pendent long-wavelength optical modes, one might also
expect that the more evident temperature-dependent
character of the spectrum should also arise from effects
at constant volume. Therefore, in what follows the
theory is developed at constant volume as done previ-
ously. The effect of thermal expansion can be incorpo-
rated into the present work by a straightforward ex-
tension. Such an extension is closely related to the
calculation of the pressure-dependent dielectric con-
stant” and will not affect any of the qualitative con-
clusions of the present work.

In Sec. II, expressions are given for the temperature-
dependent frequencies of arbitrary wave vector in terms
of the parameters of the rigid ion model. The conditions
leading to the temperature dependence of the long-
wavelength transverse optical modes [Eq. (1.1)] are
examined. In Sec. III, two linear chain models are used
to simply illustrate a number of the ideas presented. It
will be shown that one of the chain models (diatomic
chain) gives results which serve to illustrate the ob-
served temperature-dependent optical branch in stron-
tium titanate quite well.

II. LATTICE DYNAMICS

The calculation will be performed assuming the va-
lidity of the adiabatic approximation. Born® has shown
that the nuclear motion can be determined from a
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general nuclear potential function when the electronic
ground state is far removed from the excited states.
This treatment is more general than the Born-Oppen-
heimer? procedure, since one need not expand the po-
tential in powers of nuclear displacements from equi-
librium positions at the start. After elimination of the
electronic coordinates one then obtains a general nuclear
potential function which can include harmonic insta-
bilities and the possibility that a unique equilibrium
position of the ions does not actually exist. This po-
tential is then expanded in powers of displacements
from mean atomic positions and the Hamiltonian
written in the familiar Born and Huang notation:
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Periodic boundary conditions are next imposed and the
displacements are Fourier analyzed.

Following the suggestion of Anderson,* the Hamil-
tonian is written as a sum over contributions from each
wave vector y.
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This procedure is adopted since we wish to determine

9 M. Born and R. Oppenheimer, Ann. Physik 84, 457 (1927).

the average effect that all other modes have on the
modes of wave vector y. It should be noted that certain
terms have been neglected, e.g., third-order terms with
two or more wave vectors equal to y and fourth-order
terms with three or more wave vectors equal to y. These
terms will not contribute to the set of effective harmonic
equations to be derived and hence will not contribute to
the effective frequency. Before an effective harmonic
equation of motion can be obtained for the modes of
wave vector y, terms linear in the third-order coupling
coefficient must be eliminated. The following normal
mode decomposition is introduced which, in general, is
to be determined later on.

wa(k | Y):ZJ' ea(k( ].y)Q(],y) .

This is then substituted for all modes other than the
ones of interest. The Hamiltonian is then written.

(2.4)
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The term linear in the third-order coupling coefficient F

is next eliminated by a canonical transformation
e #Hel*=H4-i[H,S1—3[[H,S],ST+---. (2.7)

The transformation operator S is given by
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ga(k,y; ¥ #¥" ju1) is chosen so that the commutator of the
harmonic part of the Hamiltonian with .S just cancels
the term linear in F. One then obtains

vy’

Fo(kyy; o 0r)
h[w‘b’(i_x) — o (’J’.:)] .

vyt

gal(kyy; jrj) = (2.9)



A 1598 B. D.

After evaluating the other commutators, one can then
write an effective harmonic Hamiltonian H(y) for a
mode of wave vector y by thermally averaging over all
other modes.
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and the effective harmonic equation of motion for a
mode of wave vector y is
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Effects of higher order anharmonic terms can be in-
cluded if so desired. For the case of strong anharmonic
coupling one has a complicated set of integral equations
to solve. In general, the solution of these equations can
be attempted in a self-consistent manner. One chooses
the set of eigenvectors e.(k|;7) and the corresponding
eigenfrequencies «?(;¥), then calculates the coupling
parameters F and G, and the averages over the product
of normal mode coordinates. Next, the set of effective
harmonic equations is solved and the solution obtained
is then compared with the starting set of polarization
vectors and frequencies. Hooton'® has attempted such a
procedure in a consideration of the lattice vibrational
properties of solid helium. Such a complicated pro-
cedure, however, does not appear necessary to obtain
the qualitative behavior of strontium titanate and
barium titanate. Anderson® has stated that the tempera-
ture variation of the parameters in the effective Hamil-
tonian [Eq. (2.10)] should be controlled by modes
which are not sensitive to any changes caused by the
ferroelectric transition. This suggests that in the non-
polar phase the temperature-dependent frequencies arise
from averages over only the spectrum of relatively

1 D. J. Hooton, Phil. Mag. 46, 422, 433, 485 (1955).
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temperature-independent modes. Since the strong tem-
perature dependence of the long-wavelength transverse
optical mode results from a near cancellation between
driving (long-range) and restoring (short-range) forces
in the lattice, it is reasonable that the only strongly
temperature-dependent branch of the spectrum is the
branch to which this mode belongs."* The frequencies of
all other branches should be relatively temperature
independent, being determined essentially by the har-
monic forces between the ions. Averages over the
acoustic branches are probably responsible for the
major contribution to the observed temperature-de-
pendent frequencies of the optical branch since a large
fraction of the acoustic modes are populated classically.
In the high-temperature limit, the averaged square of
the normal mode coordinate is proportional to the
temperature. This then enables one to define effective
coupling parameters between the ions (for a given mode
of wave vector y) which have a small linear temperature
dependence. The effective harmonic equations of motion
can then be written.

2 (Y)wa(k|y)
=3 {Dap(ot) +Dag’ (o) Tyws(K']y),  (2.12)
kB

with
ks o 1
Deg' () =— 3 Gag(ksk; ¥; 3)——
8’ (exr) ZNWZ,'I s( y ])w2<y.:)
J
kB vy , —y—y'
¥ 2 Fa(k, —y; i) Fa(Ky; 3 3
iV ¥y
yII]'I/
A(y+y'+y")

(2.13)

[0 =t )10

Sums over the modes in Eq. (2.13) can be considered to
represent sums over acoustic modes that are classically
populated. Coupling of the temperature-dependent
optical modes to higher optical branches is probably
weak due to the relatively small number of phonons in
these high-frequency modes. Equation (2.12) is then one
of a set of effective harmonic equations. For a given
wave vector y, the coupling between atoms consists of a
temperature-independent part resulting from the har-
monic interactions, and a small part linear in tempera-
ture resulting from fourth- and third-order anharmonic
interactions.

The frequencies of the temperature-dependent branch
are written

(D) =T e*(k| ¥) Dag' () es(K' | ¥)
i
+kz e (k| 7) Dag(ir) es(B'| 7). (2.14)
47
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Now, if as we have argued, each temperature-depend-
ent frequency is, so to speak, renormalized by the
spectrum of relatively temperature-independent fre-
quencies, Dag' (%) is relatively temperature-independ-
ent and «?(3) will then vary as T—T¢ if (1) the
harmonic contribution or second term on the right is
negative, (2) the first term on the right of Eq. (2.14) is
positive, (3) the eigenvector of the soft mode e, (k| ) has
only a slight linear temperature dependence associated
with it. Condition (1) results from the harmonic insta-
bility of the long-wavelength modes of the low-lying
optical branch. Condition (2) is a reflection of the
temperature-dependent behavior of the dielectric con-
stant at constant volume.® Condition (3) results from
the relatively low frequency of the long-wavelength
modes. This last condition will be understood more
clearly after the discussion of the properties of the
triatomic linear chain model (Sec. III).

As the value of the wave vector increases, driving
forces become less predominant and the second term in
Eq. (2.14) becomes positive. At large wave vectors
(zone edge) the anharmonic contribution to the fre-
quency is a small fraction of the total contribution, and
hence, the frequencies are relatively temperature-inde-
pendent. This qualitative description, however, should
not hold for an antiferroelectric material in the nonpolar
phase. Again, the relatively large temperature-depend-
ent frequency in the vicinity of zero wave vector will
reflect the Curie-Weiss behavior of the dielectric con-
stant; however, there should be a large temperature
dependence of certain frequencies with wavelength on
the order of the lattice parameter.

Therefore, given a general potential between ions, one
could, in principle, solve for the eigenfrequencies and
eigenvectors of the harmonic system. One would get a

PARAELECTRIC MATERIAL A1599

F1c. 1. Triatomic linear chain model.

number of positive roots of the secular equation, corre-
sponding to the frequencies of the acoustic and optical
branches which in the actual crystal are relatively
temperature-independent. These values are then used to
calculate the effective coupling constants [Eq. (2.13)].
The effective equations of motion [Eq. (2.12)7] are then
solved to obtain the frequencies and displacements of
the modes of the temperature-dependent branch.

III. LINEAR CHAIN MODELS
A. Triatomic Linear Chain

To illustrate in as simple a manner as possible the
temperature dependence of the eigenvector associated
with the soft ferroelectric mode, we turn to the con-
sideration of a triatomic linear chain model. At zero
wave vector, this model will yield a low-lying tempera-
ture-dependent frequency and a higher relatively tem-
perature-independent frequency. Since the third fre-
quency (the acoustic frequency) is zero, one can obtain
the frequencies of this model by solving a quadratic
secular equation and hence gain some insight into the
temperature dependences associated with the various
quantities with a minimum of effort. The model is
shown in Fig. 1. The sum of the charges are equal to
zero. The masses are chosen equal for simplicity. The
equations of motion for the zero wave vector modes are

mw2—~k12—k13, k12, kls Xl
ki, Mo —kio—keg, kas X, |=0. (3.1
ks, ko, mw?—kiz—ka | | X
ks, k13, kos represent the zero wave vector couplings small term we obtain
between the inequivalent sublattices. Each coupling can -
be considered to be composed of a temperature-inde- 7 (Rrztkastkog) = (kat-Eis+Ras)
pendent or harmonic part plus a small linear tempera- 3 (kiskiz+kizkos+kiskses)
ture-dependent part arising from anharmonic inter- . .
actions, as previously discussed. The X’s are ionic 2 (kartatka)
displacements from mean positions. 9 (kiok13tRiokostkiskes)®
The two optical frequencies are given by g TRy — .. (3.3)
12 13 23
me?= (kia+k1s+kas) The negative sign gives the low-lying mode.
[ (kratk 2—3 (kyokis+k 1z, (3.2
[ (Rrotkrstkos)?— 3 (Raskis+kiskas+kiskas) 2. (3.2) 3 (kaskistBrskastFaskas)
A low frequency will arise if the second term under the —_7: (Bro+Fig+Eas)
root is small compared with the first term. Let us as- 0 (BuakistFiskastFigkss)?
sume that this small term results from the near cancella- _ 2 uhriaiae Tt (3.4)

tion of harmonic forces. Expanding in powers of this

8 (k1o 1+ Fos)®
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Assuming that driving forces predominate over restoring
forces in the harmonic approximation and that the slight
linear temperature-dependent contributions are re-
sponsible for the stability of the system, one can write

3 (kiokastFkiskastEiskes)
(k1atRastkas)

=A(T—Tc), (3.5

2m

and therefore
A(T—T¢)
wit=A(T— Tg){l—i—O(—————

)=aw-10, 6o
k/m

where k= kgt kiz+kes. A(T—T¢)/(2k/m) is the ratio
of the square of the soft mode frequency to the square
of the relatively temperature-independent frequency de-
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termined mainly by harmonic interactions. O(x) indi-
cates a quantity of the order of «.

The higher frequency which is relatively temperature-
independent is given by the positive sign in Eq. (3.3).

mwf =2 (k12+k13+k23)
3 (kiok1s+kioksstEiskss)
2 (k1o-Fas+kas)

w22 = (Z/M) (k12+ kit kzs)
—A(T—T¢)= (2/m)k.

(3.7)

The eigenvector or displacements associated with each
mode are
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The high-frequency mode displacements are
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The low-frequency displacements are
k13_ 2 (k12+ k%‘)
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Hence, the low-frequency displacements are relatively
temperature-independent even though the frequency is
significantly temperature-dependent. To lowest order
the eigenvector is given by the zero-frequency eigen-
vector. This illustrates that the eigenvector of the
harmonically unstable problem will not be much differ-
ent from the eigenvector obtained after the frequency
renormalization has been performed. In other words,
the eigenvector of the low-lying mode is not very differ-
ent whether one chooses it to be the eigenvector of the

ol )

harmonically unstable problem

- o AT¢
X=XT=TC{1+O<—— )} ,
2k/m

the zero frequency eigenvector
X = X T=T¢»

or the eigenvector of the effective temperature-depend-
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ent mode A(T—Tg) )
—4LC

XzXT:ﬂ'c‘ 1‘]‘0(
2k/m

B. Diatomic Linear Chain

To illustrate the behavior of the temperature-de-
pendent optical branch in the simplest possible way, let
us consider the diatomic linear chain shown in Fig. 2.
This is a chain of alternating plus and minus charges
interacting with a nearest-neighbor harmonic coupling
k1 and a next-nearest-neighbor harmonic coupling k..
The masses, m, have been again chosen equal for
simplicity. The equations of motion for this system are

md?X i/ df = —2(kat+ko) X i4-ky (X ep1+X i)

Fho(Xipot-Xi0). (3.11)
The frequency spectrum is given by
acoustic branch
kl yd 4]32
wd(y)=— sm2 +— sinyd , (3.12)
m
0<y<w/2d
optical branch
4-k1 yd 4k2
w(y) =— cos’—+— sin®yd. (3.13)
m 2 m

The frequency of the zero wave vector optical motion is
completely determined by the nearest-neighbor coupling
k1, since for this mode plus and minus sublattices are
individually undistorted and just move out of phase
with one another. If we choose %; small and negative,
we build an instability into the system in the vicinity of
zero wave vector. In the real crystal this would corre-
spond to the slight predominance of the harmonic
driving forces (long range) over the harmonic restoring
forces (short range) for certain long-wavelength trans-
verse optical motions. Choosing %, large and positive
stabilizes the system at wave vectors away from zero.
Figure 3 shows the square of the frequency spectrum in
the harmonic approximation as a function of wave
vector. The uppermost branch is the acoustic branch
which will remain essentially as shown even after
anharmonic interactions have been introduced. The
lower branch is the “optical branch’” where in the
vicinity of zero wave vector there is a range of imaginary
frequencies. The similarity of this branch with the one

y=0 mode
@0 G@-+0 GE-0 =0

F1c. 2. Diatomic linear chain model.
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Acoustic branch

Fre. 3. F %
16. 3. Frequency spec- % Optical anch
trum in the harmonic ap- §
proximation. S
£
Wave vector

appearing in Anderson’s paper? is to be noted. The
Hamiltonian can be written in terms of the ‘“normal
modes” of the harmonically unstable system.

Ho=3 3 {p, p-"Fwd(y) 74°9—4"}
v

+3 Z{Pyop—y0+w02(y)9yoq~yo} . (3.14)
v

Next, a fourth-order anharmonic interaction is intro-
duced between nearest neighbors.

8
Hl=_"Z(Xi+1_'Xi)4- (3.15)
4! s
g is a fourth-order coupling constant. Writing this in
terms of the normal mode coordinates and picking out

just the most important terms leading to the frequency
renormalization we get

48 '
PP sm??qy'“q-y/“

Nm? v v

o=

yvd

XCOSZqu°q~y°+ ..., (3.16)
Here we have assumed that coupling to the acoustic
branch is most important in determining the effective
temperature-dependent frequencies. This has been dis-
cussed in Sec. II. An effective harmonic Hamiltonian
can be written by averaging over the product of
coordinates in the curly brackets in Eq. (3.16).

=3 {0y + 2 (V) 0%}
v

+3 Z{Pyop~y0+902(y)(]u09—yo} , (3.17)
y
with
8 1 yd
Q*(y)= ( Zsmz—~(qy > ">+ >cos2 5
4k,
+—sin?yd, (3.18)
m
83 v'd 4k, yd
Q2 (y)= <—_‘ > Sln2_<(]1/ q- 1/’a>+_>51n2
Nm? y'=y 2
4k,
+—sin?yd. (3.19)
m
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FiG. 4. Low-lying temperature-dependent optical branch from
neutron inelastic scattering data compared with optical branch of
the diatomic chain model.

The major contribution to the acoustic branch fre-
quencies arises from the second term in Eq. (3.19), the
term involving ks, and hence these frequencies are
relatively temperature insensitive. Therefore, a good
first approximation is to average over the harmonic
acoustic spectrum in the expression [ Eq. (3.18)] for the
frequencies of the optical branch. Using

EuT EuT
wl(y) (4ky/m) sinyd’

(94°q-v")= (3.20)

and the assumption that the major contribution to the
frequency renormalization comes from the linear region
of the spectrum, i.e., sinyd = yd, one obtains

yd 4k,

Bkz 4|k .
T— cos’——+— sin?yd.
2mks m 2 m

902@:( (3.21)

The presence of the anharmonic term therefore stabilizes
the system at temperatures above the Curie-Weiss
temperature 7 ¢, where

To=8|ky|ks/BEs. (3.22)

The optical branch can now be plotted as a function
of wave vector at two temperatures and compared with
the results of inelastic neutron scattering. This com-
parison is shown in Fig. 4. It is seen that this simple
model does represent the salient features of experiment
quite well. The anharmonic contribution to the fre-
quency is most evident in the vicinity of zero wave
vector of the optical branch where it stabilizes the
modes and provides the relatively strong temperature-
dependinent frequencies. For larger wave vectors the
anharmonic interaction contributes less to the frequency
than harmonic interactions, and hence, in this region,
the branch is less temperature-dependent. Had there
been a harmonic instability of modes at the edge of the
Brillouin zone (y=m/2d), one might then expect strong
temperature-dependent frequencies in the vicinity of the
zone edge and the possibility of the material making a
transition to an antiferroelectric state.!!

IV. CONCLUSION

In Sec. II we have derived an effective harmonic
equation for the modes of a given wave vector y [Eq.

SILVERMAN

(2.11)7]. It was then shown that if each relatively
temperature-dependent frequency arose from averages
over only that part of the spectrum that was relatively
temperature-independent (acoustic branches), the solu-
tion of the set of equations was simplified considerably.
The neglect of the coupling between the modes with
relatively temperature-dependent frequencies led to a
set of linear equations. With the further assumption
that the major contribution to the effective harmonic
couplings resulted from averages over modes that are
classically populated, it was shown that each effec-
tive harmonic coupling could be written as a sum of
a temperature-independent (harmonic) coupling plus
a small coupling (arising from the anharmonic inter-
actions) linear in the temperature. The temperature
dependence of the long-wavelength frequency previ-
ously discussed [Eq. (1.1)] then arises from a close
cancellation between harmonic forces in the lattice for
certain long-wavelength transverse optical modes. The
temperature-dependent branch arises from the rela-
tively large contributions anharmonic interactions make
to the frequencies of this branch. Higher than fourth-
order anharmonic interactions were neglected since they
do not contribute to the linear temperature dependence
of the square of the temperature-dependent long-wave-
length effective frequencies [Eq. (1.1)7]. These higher
order anharmonic interactions were also assumed to
contribute negligibly to the other frequencies of the
low-lying branch. The polarization vector associated
with the temperature-dependent frequency was shown
to be relatively temperature-independent and not much
different from the polarization vector describing the
harmonic instability.

The procedure presented in this paper is essentially
equivalent to the approach adopted in the calculation of
the dielectric response.!? In the previous work it was
assumed that the anharmonic Hamiltonian was repre-
sented in terms of the polarization vectors of the
harmonically unstable problem. The long-wavelength
mode with harmonic imaginary frequency was then
coupled only to the modes with relatively temperature-
independent frequencies leading to results equivalent to
those presented in this paper.

The previous discussion is a simplification of, in
general, a very complicated system. Ferroelectric and
antiferroelectric materials exhibit a Curie-Weiss be-
havior of the dielectric constant over only a restricted
interval of temperature above the transition tempera-
ture. At low temperatures SrTiO; and KTaO; deviate
from this behavior due to what are believed to be
quantum mechanical effects. Whether SrTiO; ever actu-
ally becomes spontaneously polarized is still open to
dispute. At high temperatures one might expect devia-
tions from Eq. (1.1) as higher order anharmonic effects
become important. The present treatment is proposed as
a qualitative explanation of the behavior of these
materials for just the region 77> 7'¢ for which Eq. (1.1)
is expected to apply.
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A quantitative description of a particular material
must entail a very complete description of the inter-
atomic forces since the temperature-dependent frequen-
cies arise from a close cancellation between harmonic
forces. Effects of thermal expansion must be considered.
Any slight temperature dependence of ionic charges due
to changes in bonding as a function of temperature could
contribute to these frequencies. The electronic contribu-
tion to the lattice frequencies (neglected in the present
discussion since our qualitative conclusions are un-
affected by its presence) must also be taken into ac-
count. In view of this complexity and the state of
knowledge concerning interatomic forces, there exists
little possibility at present to calculate effective lattice
couplings from first principles.

Applications of shell-model-type calculations to the
present problem also have their associated difficulties.
The perovskite structure has a relatively large number
(five) of atoms per primitive unit cell. Any attempted
realistic model must of necessity introduce a large num-
ber of constants. If these constants cannot be deter-
mined from first principles but are chosen to fit experi-
mental data, one may not be certain that the fit
obtained is unique (having a physical basis) or is merely
the result of introducing a sufficient number of unde-
termined parameters to obtain such a fit. This objection
has been pointed out by Janovec and Dvorak. Also,
while one might attempt to understand the qualitative
features of the SrTiO; spectrum, the significance of a
more detailed interpretation of the present neutron data
is questionable. SrTiO; exhibits a phase transition at
about 110°K.!* The material is cubic above 110°K and
tetragonal below. Since measurements of the tempera-
ture-dependent optical branch have been made on both

2 A. D. B. Woods, W. Cochran, and B. N. Brockhouse, Phys.
Rev. 119, 980 (1960).

18V, Janovec and V. Dvorak, Czech. J. Phys. B13, 905 (1963).

4 K. A. Miiller, Phys. Rev. Letters 2, 341 (1959); L. Rimai and
G. A. deMars, Phys. Rev. 127, 702 (1962); M. J. Weber and R. R.
Allen, J. Chem. Phys. 38, 726 (1963); R. O. Belland G. Rupprecht,
Phys. Rev. 129, 90 (1963).

sides of this transition, one must not only include effects
of thermal expansion in a quantitative theory, but also
any effects that might arise from the presence of the
phase transformation. While there is no dielectric
anomaly at the 110°K transition, systematic deviations
of the dielectric constant from a Curie-Weiss behavior
appear in the vicinity of this temperature,'® which might
reflect the effect of the transition on the long-wavelength
modes and/or the onset of quantum mechanical effects.
The effect of the transition on the modes of shorter
wavelength is unknown. It would be of value if the
spectrum of SrTiO; were measured as a function of
temperature over a region above 110°K. KTaO; also
seems a likely choice for investigation since it is cubic
above approximately 13°K!¢ and large single crystals of
this material are easily prepared.

In conclusion, the temperature-dependent frequency
spectrum of a paraelectric material has been discussed
with use of an effective harmonic lattice equation of
motion. For a given wave vector, the effective couplings
between atoms are written as a sum of a temperature-
independent part, arising from harmonic interactions,
and a part linear in the temperature, arising from fourth-
and third-order anharmonic interactions. The conditions
required for the observed Curie-Weiss behavior of the
dielectric constant and associated temperature depend-
ence of certain long-wavelength transverse optical fre-
quencies have been examined. It has been shown that
the salient features of the temperature-dependent low-
lying optical branch in SrTiO; can be understood by
considering the effects of anharmonic interactions at
constant volume.
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